A RECURSIVE BOUND FOR A KAKEYA-TYPE MAXIMAL 

OPERATOR 



RICHARD OBERLIN 

Abstract. A {d, k) set is a subset of R'' containing a translate of every k- 
dimensional plane. Bourgain showed that for 2^~^ + k > d, every {d,k) set 
has positive Lebesgue measure. We give an bound for the corresponding 
maximal operator. 



1. Introduction 

A measurable set i? C K*^ is said to be a {d, k) set if it contains a translate of 
every fc-dimensional plane in R''. Once the definition is given, the question of the 
minimum size of a {d, k) set arises. This question has been extensively studied for 
the case fc = 1, the Kakeya sets. It is known that there exist Kakeya sets of measure 
zero, and these are called Besicovitch sets. It is conjectured that all Besicovitch sets 
have Hausdorff dimension d. For fc > 2, it is conjectured that (d, k) sets must have 
positive measure, i.e. that there are no (d, k) Besicovitch sets. These size estimates 
are related to bounds on two maximal operators which we define below. 

Let G{d, k) denote the Grassmannian manifold of fc-dimensional linear subspaces 
of W^. For L e G(d, k) we define 

AA'=[/](L)= sup / }{y)dy 

xeR"* Jx+L 

where we will only consider functions / supported in the unit ball i?(0, 1) C W^. 

A limiting and rescaling argument shows that if is bounded for some p < oo 
from LP{R'^) to L^{G{d, fc)), then {d, k) sets must have positive measure. By testing 
Af'' on the characteristic function of B{Q,S), Xb{o,S), one sees that such a bound 
may only hold for p > |. For L in G{d, k) and a S M'' define the 5 plate centered at 
a, Ls{a), to be the S neighborhood in R"^ of the intersection of B{a, ^) with L + a. 
Fixing L, considering A/''^Xl5(o) : ^-^d using the fact that the dimension of G{d, fc) is 
k{d — fc) we see that a bound into L'^{G{d, fc)) can only hold for q < kp. This leads 
to the following conjecture, where the case fc = 1 is excluded due to the existence 
of Besicovitch sets. 

Conjecture 1.1. For 2 < k < d,p > ^,1 < q < kp 

W^'' f\\Li{Gid,k)) ^ II./IIlp(R<')- 

It is also useful to consider a generalization of the Kakeya maximal operator, 
defined for L G G{d, fc) by 

M'sUm = sup / / f{y)dy 
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where denotes Lebesgue measure on M'^. Using an argument analogous to that 
in Lemma 2.15 of |2], one may see that a bound 



(1) IIXf/llLHGKfe)) <'5-||/| 

where a > and p < oo, iniphes that the Hausdorff dimension of any (d, fc) set is 
at least d — a. Considering MgXB{o,S) and MgXLs{o), we formulate 

Conjecture 1.2. For k > l,p < ^,q<{d~ k)p' 



\\M^sf\\L.(G(m)1^6'''~'\\f\\ 



In Hj Falconer showed that TV" is bounded from L^+'^(IR'^) to L'^{G{d,k)) for 
k > ^. Later, in |2], Bourgain used a Kakeya maximal operator bound combined 
with an estimate of the x-ray transform to show that Af'' is bounded from 
LP{R'') to LP{G{d,k)) for {d,k,p) = (4,2,2 + e) and {d,k,p) = (7,3,3 + e). He then 
showed, using a recursive metric entropy estimate, that for d < 2^^^ + /c, is 
bounded for a large unspecified p. Substituting in the proof Katz and Tao's more 
recent bound for the Kakeya maximal operator in P| 

(2) ll-A^l/ll „+3 . <'5"™^ll/ll 4„ + 3 

one now sees that this holds for k > kcr{d) where kcr{d) solves d = Z2'=<:'--i -f kcr- 
By Holder's inequality, the following holds for for any fc-plate Lg and positive / 

fdx<5^ (^j^^ (^j^^ fix) dCH^^j dC^'-^{y) 

Combining this with the L'^(L^) bounds on the fc-plane transform proved by Christ 
in Theorem A of we see that Conjecture II .21 holds with p < Except for a 
factor of (5^"^, the same bound for Aig was proven with fc = 2 by Alvarez in ^ using 
a geometric-combinatorial "bush" -type argument. More recently, also see j7]. For 
dimension estimates of sets containing planes in directions corresponding to certain 
submanifolds of G(4, 2), see flijj . 
Our main result is the following. 

Theorem 1.1. Suppose 4 < k < d and kcr{d) < k. Then 

(3) ||A/'''/||LP(G(£;,fc)) ^ II/IIlpCR'') 

for f supported in the unit ball and p > ^y^- If, additionally, we have k — j > 
kcr{d — j) for some integer j in [1, fc — 4], then we may take p > -I- 1. 

The number p = 4- 1 is approximate, and may be slightly improved through 
careful numerology. We prove Theorem ll.ll bv combining a recursive bound oi A4g 
with Bourgain's estimate. This recursive bound is based on Bourgain's metric 
entropy argument, but is carried out in a manner which is more efficient for 
estimates. For fc < kcr{d) this method may be adapted to give the following bound 
on M'l 

Theorem 1.2. Suppose 2 < fc < kcr{d). Then 

2 , 3(d-k) s 

II l'L7(G(d,fc)) ^ I'-' l'L7(Rd) 

Finally, if fc + 1 < kcr{d+ 1) then it is preferable not to use the bound, giving 



Theorem 1.3. For 2<k 



(4) l|A^^/llL^+HG(.,fc)) < 

From Theorems 11.21 and 11.31 we see that the HausdorfF dimension of any (d, k) 
set is at least 

. ,^ ^ 3id-k) ^ , 3{d-k). 

It should be noted that the dimension estimate provided by only applying Theorem 
11.31 is also a direct consequence of the metric entropy estimate in |2]. However, to 
the best of the author's knowledge, it has not previously appeared in the literature, 
even without the improvement permitted by 
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2. Preliminaries 

We start with the definition of the measure we will use on G{d,k). Fix any 
L e G(d, k). For a Borel subset F of G(d, k) let 

where O is normalized Haar measure of the orthogonal group on M'*, 0{d). Typically 
we will omit d and fc, denoting the measure by Q. By the transitivity of the action of 
0{d) on G((i, k) and the invariance of O, it is clear that the definition is independent 
of the choice of L. Also note that Q is invariant under the action of 0{d). By the 
uniqueness of uniformly-distributed measures (see ,8 , pages 44-53), Q is the unique 
normalized Radon measure on G{d,k) invariant under 0{d). 

It will be necessary to use two alternate formulations of Q. For each ^ in E>'^~^ 
let : S^-^ ^ R'^^^ be an orthogonal linear transformation. Then T^^ identifies 
G{d — I, k ~ 1) with the k — 1 dimensional subspaces of Now, define T : 
S'^-i X G((i - 1, A: - 1) ^ G(d, k) by 

r(e,L) = span(e,r-i(L)). 

Choosing Tj continuously on the upper and lower hemispheres of S"^^^, T^^ iden- 
tifies the Borel subsets of G{d, k) with the completion of the Borel subsets of 
S''"^ X G{d — l,fc — 1). Under this identification, by uniqueness of rotation in- 
variant measure, we have 

(5) g{F) = cr'^^i X g'^'^-^^''-^\T-\F)). 

where ct*^"^ denotes normalized surface measure on the unit sphere. 

It is also true that any invertible linear map ?7 : R'^ ^ M'' acts on G{d, k). We 
will need to know how Q varies under this action. Again using the invariance of Q, 
we observe that 

(6) giF) = cC'"'{{ivi,...,Vk) : V, e 5(0,1) C R'' and span{vu ■ ■ ■ ,Vk) e F}). 

Using lO and noting that, for 7^ ?' G M, 

span(i;i, . . . ,Vk) e F span(rt;i, . . . ,rvk) € F, 
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we see that 



\^^^^^^\\g{F) < g{U{F)) < \det{U)\''\\U-Y''S{F) 



||[/||fed 

where || • || denotes the operator norm of a hncar map. Since |det(C/)| < ||f/||'^ and 
|det(;7)| = |det(f/-i)|-i, we have 

(7) m ■ wu-'wy'^GiF) < g{u{F)) < {\\u\\ ■ wu-'iD'-'giF). 

Remark. One should know that there have been two incorrect proofs pubhshed on 
the subject of (d, 2) sets. The first, in [S], is weU known and it is of the claim that 
there are no Besicovitch (d, 2) sets for any d. The second, in [5], is of the claim that 
(d, 2) sets have Hausdorff dimension d for every d. Since it is quite recent, we will 
observe where the error is made. In the main construction, a 2-plate is isolated 
which intersects a large number of other 2-plates {P^}- Then a | separated set 

{ci} C (S''^^ n P^) is chosen, and the set of 3-plates {Hp''} is considered where 
each nf^ has the same center as P^ and is in the direction span(P, e^). The aim 
is to show that each P^ is contained in one of the Hf^- However, it is only shown 
that for each y £ P^ there is an i so that y e lip'' and hence 

i 

The only assumption placed on the P^ is that their distance from P is approximately 
p (where 5 ). For d > 4 if we let P = span(t;i, ^2) and Pk = span(-\/l — p'^vi + 
pv^, -y/l — p'^V2 + pvi) where the Vj are orthonormal, it can be seen that P^ satisfies 
this assumption. However Pf, cannot be contained in any such Hp''. 

3. A RECURSIVE MAXIMAL OPERATOR BOUND 

Our main argument is in the proof of Proposition 13 . II below. 

Proposition 3.1. Suppose k > 2, 2 < p < d+ I, p < r < ^j^^^, and < q < r. 
Then a hound for M^'f^ on LP{W^-'^) of the form 

(8) \\M'f^ f\\Li(G(d-l,k-l)) ^ '^"tll/llipfRd-i) 

implies the hound of Mg on LP{R'^) 

\\Mif\\L^(^GidM)) ^ '^"*II/IIlp(R'') 

with 

^ ra _ p(d — 1) + 2r P(l(p + f) 
a = he, p — , and q = . 

p + r p + r pr 

For our applications we will always take q ^ p. It is then useful to note that 
the bound given by Proposition 13.11 is that which would result from interpolation 
between certain and L'^~^ bounds, namely: 

a^Pa^^ 1 _P ^ (1-/3) 1 _ /3 ^ (1-/3) 
p 2 'p2 d— l'(j2 00 

where /3 = For a < d — 2k this is better than the bound given by 

interpolation between the case r = p and the known (sharp) bound. However, 
p still never seems to be optimal relative to d in the sense of Conjecture 1 1.21 which 
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may be explained by the fact that we expect A4g to be bounded independently of 
S for P > f rather than p > d — I. 

The choice r = p yields the greatest reduction of a, giving a = ^a + e. However, 
this also gives a relatively large p = Alternately, choosing r = ^^pZ2) Si'^^s 

a small reduction of a and a relatively large reduction of p, with p = 1 • 

Observe that with this choice of r and m < d — 2 

{d-l)-l d-l 

9 p = + 1 gives p < + 1. 

m m + 1 

Since interpolation with the L°° bound does not affect d, we may take p — + 1 

for purposes of iteration. 

To obtain Theorem II. 31 we use k — I applications of Proposition l3.1l with r = p. 

We start with the bound Q for n = {d—k+1), except that we take qo = Po — ^"7^'^ 

which is permitted by Holder's inequality. This gives the value Uq = ^^"""'"^ + e = 

+ e. After one application of Proposition 13.11 we have pi = (^1+^)+^ ^ _ 

(n + 1) + 1, and ai ~ ^^ ~ '^^^^^^ + ^- We use Holder's inequality again, to take 
q = p, before another application of Proposition 13. II Continuing this process gives 

To prove Proposition l3.1l we will need the following lemma which gives a sort of 
parameterization of disjoint pairs of separated elements of a subset of an interval. 

Lemma 3.1. Suppose F C [—1, 1]. Then for some integer I with C^{T) < 2^' < 1 
we have 

where 

s = {te [0, 2"') : |rn {t + Z2-'}| > 2}. 

Proof. For each integer Z > — 1 let 

Si = {te [0,2-'): J2 Xr(t-l+j2-')>2} 
j=o 

and 



Mi= E Xr{t - 1 + j2-')dt. 
Mote tf 



Choose l„ so that < 2-'« < Note that 



(10) Mi,> 2 > 
and that 

(11) M_i = 0. 

We want to observe that for some integer I G (— 1, Zq], 

(12) cHSi)>-y. 

16/o 

To see this, note that for every I, 

(13) Ml- Mi^i<2C\Si). 
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Hence, if ifT^ does not hold for any I e (— l,^o] then by ((117)) . (fT^ . and induction 
we have 

for every Z e [— l,Zo]- This is impossible by proving ()12|l. The lemma follows 
since Zo<l + |log(/:^(r))|. 

□ 

In the next lemma we show that the maximal operator A^^ is local in the sense 
that we only need to prove bounds for functions supported in a ball. 

Lemma 3.2. For q > p and r > the bound || Al^/||L<j(G(d,fe)) < C'II./IIlp(R'') for 
all f supported in B{0,r) implies the bound \\Mgf\\Li(G(d,k)) < C'C'||/||x,p(Rti) for all 
f G iyP(R'^) where C is independent of S. 

Proof. Assume / is positive. Note that since the bound holds for functions sup- 
ported in the ball of radius r centered at 0, it holds for functions supported in 
any ball of radius r. Pick a covering {B{xj,r)}°^-^ of R'' where each point in M.'^ 
is contained in only a finite number, say Cd.r, of the balls. Then any plate Ls(a) 
touches at most Cd.r of the balls. So for any L, 

M'ifiL) < dd,rSnpM'sXBi.,,r)f{L) < ddAT.^MhBi.„r}f{LW)' 
' 3 

Interchanging L'^ and l"^ and using our bound: 

\\M'lf{L)\\L,(G{d,k)) < C<i,r(X!ll-^5XB(:r,,r)/IIL(G(d,fe)))' 

i 

< 5d,rC(^ \\f\\lp{B{x,,r)))~' ^ ^d,rC{Y, W fWl. iB{x, ,r)))^ 



J 



< 



Cd,rC^,rC||/||i^(Rd) 



□ 



Proof of Provosition AS. 1[ We will prove the restricted weak- type estimate for sets 
supported in _B(0, 1). This will give the full estimate for functions supported in 
-6(0, 1) by interpolation. The general case then follows by Lemma [3. 21 since q> p. 
We wiU only consider 6 < ^. Let C 5(0, 1) C R'^. Fix < A < 1 and let 

F = {L e G{d,k) : MUxeKL) > \}. 

We need to show that 

(14) C'^{E)>6^+'XPg{F)l. 

By the trivial bound, there is a c > so that (|14|l is satisfied for A < 6'^. Thus, 
we may assume that | log(A)| < \ log(<5)|. 

Instead of dealing directly with F, we will use its factorization via T^^. Let 

F = T~\F) C {S'^-^ X G(d - 1, fc - 1)) 
and g = cr'^-i X gCrf-i.fc-i). Then, by ©, we have g{F) = g{F). 

6 



Let {ei, . . . , Cd} be an orthonormal basis of M.'^. For each integer i G [1, c?] let 
W^^i^e : ei)\ > Then §'^-^ = IJ, W„ and thus for some i 

(15) / / XFdMd^>^g{F)>g{F). 

JWi J G{d-l,k-l) " 

After renumbering assume that i = d. 

Let H = span(ei, . . . , Cd^i) and define, for ^ £ Wd, the projection afong ^ onto 

^ ited)^- 

Henceforth, consider G{d — 1, k — 1) as the set of fc — 1-planes in the particular 
copy H of We want to observe that if L = span(^,M) where ^ £ Wd and 

M e G{d -l,k- 1), then for any a e R"* we have 

(16) P^iLsia)) d cMsiP^ia)) 

where Ms{P^{a)) C is a (fc — l)-plate and c depends only on d. To see this we 
first note that any point / e Ls{a) can be written 

I — a + b(^+m + w, 

where b £ R,m £ M,w £ L-^ , \m\ < \fd and \w\ < S. Then 

P^l = p^a + m + P^it;. 

But since dist(^, H) > and < S it follows that 



P^w\ 



< 6(1 + Vd) cS. 



Thus P^{Ls{a)) is contained in the c5 neighborhood, cMs{P^{a)), of P^{a) + {M n 
5(0, c)). 

For every t £ R let Ht — H + ted and Et = E f] Ht. Note that is an isometry 
from Ht to H, giving 

(17) C"'^ {Et n Ls (a)) = C"-^ (Pj {Et n (a)) n cMs (Pf (a))) . 

The set F consists of pairs (^, M) such that span(^, r^~^(M)) £ F. However, 
considering we should be interested in pairs (^, M) such that span(^, M) £ F. 
We obtain a set of such pairs by letting 

F = {(^, Pj o T^-i(M)) : ^ e T4^d and (C, M) G F}. 

We will use our change of coordinates to estimate g{F). Note that, by the orthog- 
onality of ^ and for X e iJ 

\x\ < \PioT[^(x)\ < {1 + Vd)\x\. 
Then II (Pj o T[^)-^\\ < 1 and \\P^ o Tf^\\ < (1 + Vd). Thus, by and IHl) 

(18) / (1^^ . g 



> Q{F)- 
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For ^ g Wd and s ^ t £ [—1,1], define the subset of H 
We will use the assumed maximal operator bound to estimate 



This will provide us with an estimate of (yC'^~^{Es)C'^~^{Et)) , effectively reduc- 
ing the exponent of 5, as we will now explain. Consider E^ and Et as subsets of H 
by orthogonal projection. Then 

and so 

where we use * to denote convolution in R'^-i. Since dist(T^d,i?) > 4^ 

Thus by changing variables. Young's inequality, and the fact that r > p 
[C'-' {Bf)yddf < |.-t|^^ (^j^^JxE.*X-EA^)Y^dx 

< \s~t\^^{C''-\Es)C''-\Et))'^. 

We want to use our known maximal operator bound to estimate an average over 
s and t of the left hand side of ifT^ . For each x G iJ, ^ € Wd let 

r^,^ = {t:xePi{Et)}. 

Then, if M) e F we have L :— span(i^, M) e F and hence for some ol £ M'*, 

^gd^k < nE)= f [ XP,{E,nL,ia,))dx dt 

J-l JcMsiPc{aL)) 

< / XP^(Et)dt dx ^ / C'^{r^^x)dx 

JcMsiPiiaL)) J-l JcMs(P^{aL)) 

where the first equality follows from (|17|) . Thus, considering £^(rj j.) as a function 
of x. 

Since (^, A/) was an arbitrary element of F and r > q we now have by H18(l 



(20) (/ / (A^^i[£i(re,,.)](A/))™ del >At;(F)i. 

'IVd \JG(!i-l,fc-l) / 



On the other hand, applying our assumed maximal operator bounds gives 



(21) I / / {Mr'[c\T^,c.)m)rdM \ 

iWa \JG{d~l,k-l) I 



Let 



<5-- ^j^^ ^C\T^,,YdxJ dij . 

Z = {{^,x) £Wd xW"-^ : C\T^,,) >'^} 

and note that and |(5lJ stiU hold if we replace C^ir^^^x) by xzi^^{^^,x)- For 
each a;) g Z,we may apply Lemma l3.1l to obtaining an l^^x such that 

A < 2"'«- < 1 

where = {< G [0, 2-') : |{t + Z2-'} n r^,^| > 2}. 

Now, 

C(l+|logA|) 

4=1 

and thus, combining (|20|l and 1)21(1 we may choose so that 
and hence 

(22) (/ ([ C^Si^ydxYdA >——^-—-6i\g{F)-.. 



^ VR-i '^7 (l + |log(A)|)2 

Recalling the appropriate definitions, we see that 

where i and j range over Z n [— 2'" , 2'"). This gives 

(23) C\S'^'^)= snpx^.+,2~^o.,^,,-'oix)dt. 

Jo i^J ^5 

Noting that the L^^-iL^dL^L^ norm is dominated by the Lj^L^a^gd-i-^Rd norm, 
we may combine H22|) and ()23|l . obtaining 



< 



(l + |log(A)|)2 



p \ p 



Now, combining this with (|19|l . we have 

(d-l) 1 



:Sp\g{Fy' 



(l + |log(A)|)2 
Finally, 



and by Holder's inequality and the conditions 2 < p < r 



Summarizing 

(l + |log(A)|)2' ^ ^ ^ 

Since 2^'o > A and — + - - 1 > we have 

r p — 

or 

I p(d-l) + 2r pi- , 



□ 



4. The method 

Reducing a by a factor of two, as in Proposition l3.1l is not a substantial gain for 
small a. The following proposition gives a — a — \ with a > 1 and a bound for 
with a < 1. It is proved using Bourgain's technique from Propositions 3.3 and 3.20 
of E] in which he showed bounds for with (d, k) = (4, 2) and (d, k) = (7, 3). For 
completeness we will repeat the argument. 

Proposition 4.1. Suppose k,p > 2 and that a bound for A4^~^ on Lp{W^~^) of 
the form 

f\\LP{Gid-l,k-l)) ^ '5"'^II/IIlp(K<'-1) 

is known. Then if a > 1 we have the bound 

(24) WMlfh.iGid.k)) < S-^WfhpiM") 
for f E LP{W'-). If a < 1 we have the bound 

(25) Wf\\LPiGid,k)) < II/IUp(K^) 

for f e LP(E'*) supported in B{0, 1). 

10 



To obtain Theorem ll.il we start from an application of Theorem 1 1 . 31 with fco = 
fc — (2 + j) and do ~ d — {2 + j) . After using Holder's inequality on the left side, 
this gives 



_/'dQ + l\-l[ 3(d-k) . \ 



The condition k ~ j > kcr{d ~ j) ensures that 

3(rf- fc) 
72fe-(2+i)-i 



e < 2, 



and hence further reduction in a is unnecessary. Thus, with our j "spare" iterations, 
we apply Proposition l3.1l with the maximum r to give a reduction in p. Noting that 
^^flii satisfies the left equation in @ with m = 2, we start from H26|l to obtain after 
the first iteration 



( dl-l I -I 3(d-fc) 

3 ^^7('2fc-(2+j)-lj 



where fci = fco + 1 = A: - (2 + - 1)), and di ^ d^ + I ^ d - {2 + {j - 1)). In 
fact, there is some additional improvement in a and p which we ignore. After j — 1 
further iterations, we obtain 

^1 



\\M]'f\\ <^"^^^^^ i^F-^-; 11/11 ^ , 

where kj — k — 2 and dj = d — 2. We then apply Proposition 14. II twice, using 124() 
the first time and (|25(l the second time, to obtain 

Theorem 11.21 is obtained by instead applying Theorem 11.31 with kg — k — 1 and 
do = d — 1, and then applying H24|l from Proposition 14. II once. 

To prove Proposition l4.1l wc will need an L^(L^) estimate for the x-ray transform 
which utilizes cancellation. For every fc > let (p'^ be a positive Schwartz function 
on K'^ such that 0'^ > 1 on B{0, |) and the Fourier transform, (p^, of (p'' has compact 
support. For ^ £ S'^^^ and x G ^-^ define 

7^{x) = J <p\t)f{x + tOdt. 

Lemma 4.1. Suppose f = in B{0,R). Then 

Proof. Choose N so that cj)^ is supported in {~N, N). Applying Planchcrcl's theo- 
rem to the partial Fourier transforms in the ^ and directions, we have for every 

2 



\f.{x)fdx 



c^^{t)f{C + tOdt 



d(. 



11 



Considering the support of (j)^ and using Holder's inequahty we have 



<2NmU I [ \fiy)\'\xi-N.N]{{y,Ordydi. 



Then for any y 

N 

(27) ' 



X[-N,N]{iy^O)di = ^"-^ ({e : dist(C,2/^) < 



< 



Since |y| > i? in the support of /, we are done. □ 

We win want to take advantage of the fact that the averaging operator M\ 
should tend to localize the Fourier transform. To this effect, we will define a 
modified version of our maximal operator. For L G G{d, k) let 

^i^(.T)=<^'^-(proji(a;))r('^-'=)^('^-^) 

Now, define 



A^,^[/](L)= sup / T:^{a + x)f{x)dx. 

Immediately, we see that for all positive f,M^[f] < A^^'[/]. We will see that the 
reverse inequality also holds. 

Let be a Schwartz function on so that (p = 1 on 5(0, 1) and (p is supported 
in 5(0, 2). For every R> lei (pR = R'^ip{R-). 

Lemma 4.2. Suppose f is supported in -6(0, R). Then for any k-plane L £ G{d, k) 
and a € M.'^ we have 

(28) / \fix)\dx<Mi[\mL) 

while for any S > there is the estimate 

(29) M'![\f\]iL)<Ml[\f\]iL). 

Also, without any assumptions on the support of f, 

(30) M's[\f\m<Ml[\f\]iL). 

Proof. The statement (|29|l follows from H28|l by averaging. Inequality 1)30(1 can be 
proved by the same method used in the proof of 1)28(1 . So we will only prove 1(28(1 . 
By our assumption on /,/ = /* (^j^ so 

\f{x)\dx = / 1/ * tpR{x)\dx 

a+(LnB(0,i)) Ja+(LnB(0,i)) 



< / \My)\ / \fix)\dx dy. 

JK'* Ja-y+(LnB{0,^}) 

Let ei, . . . , erf be an orthonormal basis of M.'^ where L — span({ei, . . . , 6^}). For 
each z e Z'' let bf (Tf^-^i^i' ■ ■ ■ ' vf^^'^^d)- Let Qf = L n 5(0, i) and = 

i^ns(o,-i). 
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Then 



\^B.iy)\ / \f{x)\dxdy 

Ja-y+{LnB{0,^)) 



< E / / \fix)\dxdy 

<Y^ sup \^Riy)\ [ ^Mi[\mL)dy' 



< 



But 



and the right-hand side of H31|l is controUed independently of L and R since (pi is 
a Schwartz function. □ 

Proof of Proposition \41\ We will start by proving H24|l . It suffices to consider the 
case when / is positive and bounded. By Lemma 13.21 we may also assume that / is 
supported in B{0, 1). Also we will only consider, say, S < ^. 
By (El, we need to show that 

Ml[f]{spMtT-'M)rdMdA < r(^+^)||/|Up(K.). 

G(d-l,fc-l) J 

Note that, by our assumption on the support of /, 

(32) At^[/](span(e, T^-^M)) < M',-'[f^ o T-']{M). 

By a change of variables, the fact that T^^ is orthogonal, and Plancherel's 
theorem in one dimension. 



(33) o T-\0 = / <P'it)fiT-\ + t^dt. 

Jr 

Let g = f * (p^. Then by H33|l . the support of ip^, and our restriction on S, 

(34) 9^[' = 7^[' on 5(0, ^). 

Hence, using H34I) for the equality and Lemma [4. 21 for the last inequality 

(35) A^r^[75oT^-i](Af)| < \M'r'[f^oT^']{M)\ = \M'r'[9e o T^']iM)\ 

<Mt'[\9i\oT-^]{M). 

We will use the Littlewood-Paley decomposition of g. Let ipQ — and for j > 
let ipj = 2^'^ip{23-) - 2(J-i)'*(^(2(^-i)-). Note that 

OC 
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and that for j > 0, ipj is supported in the annulus centered at with radii 2*^ ^ 
and 2*^+^. For each j > 0, let gj ~ g * Then, considering the support of g 

log f 

(36) g= J2 9j- 

3=0 

Now, by 1(23) and ^ 

1 

(j j \Mt^[f^oT-\M)\PdMdX 



(37) 

log 

:(/ , 

S'i-i JG(d-l,k-l) 



S'i-i JG(d-l,k-l) J 

^E(/ / M'l-^m^\oT-\MYdMdi 

„_n yJS'i-'^ JG(d-l.k-l) I 



3=0 

Because each 'gj^ o T^^ is supported in 5(0, 2-'+^), inequahty (|29|l from Lemma 
14.21 aUows us to apply our assumed bound with S w 2^^ to give 

(38) / M^M|57^|o^^-l](Af)W 

JG(d-l,fe-l) 



< 



G(d-l,fe-l) 



< 2^" / loT, o rr^Pdrc < 2J"||flJ|^-' / ImA^dx 



igj^oi^ ^\"ax::^z^"\\g,\\l^ J^^\93^ 

where, for the last inequality, we use the assumption that p > 2. Because each gj 
is identically zero on B{0,2^~^), integrating (|38|l and using Lemma [4. II gives 

Mt'm^loT-'mrdMdi, < 2^^'^-'^\\g,\\l-J\\g,\\l.. 



Thus 



log 



(39) Y.\f I Ml-\\-9]^\oT-\MYdMdA 

yjs'i-i JG(d-i,k-i) ) 

<^2i("-i)||.g,||l:.^||g,||£2 

log f 

Combining (|32|l 1)3 7f) and (|39|l . we see that it only remains to show 

11/11^11/11!. <II/IIl,. 

This will hold under the additional assumption that / is a characteristic function. 
Sacrificing an e in the exponent, this is sufhcient by interpolation. 

The proof of (|25|l is identical except that we use H28|) instead of H29|l . and in 
(|36|l we must sum to (X) instead of log(^). This will converge in the end, by our 
assumption a < 1. □ 
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